
Mathematical Physics

Problem Set 2

due Sunday 21st of Mehr in class

1- Prove that (A×B) · (U×V) = (A ·U)(B ·V)− (A ·V)(B ·U).

2- a) Let F = f(r)êθ be a vector field written in cylindrical coordinates. Draw F on the z = 0 plane (you can choose
your favorite f(r)) and find the curl of F (but this one must be for generic f(r)). When does the curl vanish? Does it match
your intuition about curl?

b) Repeat part (a) for F = f(r)êr.

3- [Byron-Fuller 1.6] Prove the vector identities:
a) ∇(A ·B) = (A · ∇)B + (B · ∇)A + A× (∇×B) + B× (∇×A);
[(A · ∇)B means Ai∂iBj êj in Cartesian coordinates.]
b) ∇ · (U×V) = V · (∇×U)−U · (∇×V).

4- [Byron-Fuller 1.7] Prove Green’s theorem, that is,∫
V

(ϕ∇2φ− φ∇2ϕ)dV =

∫
S

(ϕ∇φ− φ∇ϕ) · ndA. (1)

[Hint: Apply Gauss’s divergence theorem to the vectors A = ϕ∇φ and B = φ∇ϕ.]

5- Prove ∫
S

n×∇ψdA =

∫
C

ψds. (2)

[Hint: Apply Stokes’s theorem
∫
S

(∇× F) · ndA =
∫
C
F · ds to F = ψêx, etc.]

6- [optional; not to be graded] Start with

εi1i2i3 detM = εj1j2j3Mj1i1Mj2i2Mj3i3 . (3)

(This is really the same as the result of problem 5 in PS1; think about detM = detMT .) Multiply both sides by
(
M−1

)
i3k

and sum over i3.1 Now show that if M is an orthogonal matrix (i.e., MTM = I) then we have

εi1i2i3Mki3 = ±εj1j2kMj1i1Mj2i2 , (4)

depending on whether or not M ∈ SO(3). Compare with Eq. (1.37) of Byron-Fuller.

1This means the i3k entry of the matrix M−1 and we often write it as M−1
i3k

without the parentheses. Note that it’s different from
(
Mi3k

)−1
=

1/Mi3k which is the inverse of a number, rather than a matrix.
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